I. INTRODUCTION
Turbulent mixing of many species under high-pressure (high-p) conditions often occurs in combustion systems prior to ignition, in chemical engineering applications related to fluid separation, in the pharmaceutical industry, in processes involving supercritical water, and in cooling processes occurring in advanced gas turbine and scramjet engines. 1 Modeling of these general situations is highly desirable and Large Eddy Simulations (LESs) seems to be the method of choice. Recently, LESs of high-p, multi-species flows have been conducted for fuel jets [2] [3] [4] and mixing layers, 4 and also for the combustion processes occurring inside a rocket engine. 2 The governing equations for LES of multi-species flows are obtained by applying a spatial filtering operation to the conservation equations for mass, momentum, energy, and species partial densities; the resulting equations then describe the evolution of the large-scale structures present in the flow. The influence of the small-scale structures on the dynamics of the larger ones is then represented in the LES equations by terms that are unclosed and need modeling. Two classes of unclosed terms can be identified; the conventional Subgrid Scale (SGS) fluxes, which stem from the filtering of the non-linear convective terms in the conservation equations and unconventional terms associated with the filtering of non-linear functions of the conservative variables. This latter category of terms includes the filtered pressure field p(φ), the filtered heat flux q(φ), and the filtered species fluxes J α (φ), where φ is the vector of conservative variables and subscript α denotes the chemical species. While modeling of the conventional SGS fluxes has been the topic of a vast number of experimental and analytical studies since LES has first appeared, comparatively little has been done for the remaining unclosed terms. A very common approach for the modeling of p(φ), q(φ), and J α (φ) is to assume that the difference between the filtered terms and their unfiltered counterparts, evaluated as functions of the LES solution, is small; this assumption leads to a closure of the type f (φ) = f (φ), where f is either p, q, or J α . This method has been found to be accurate for flows described by the perfect gas equation of state (EOS); 5 however, given the considerable differences that exist between the characteristics of atmospheric-p and high-p flows, [6] [7] [8] [9] [10] [11] its validity for high-p flows described by real-gas equations of state has been questioned. [12] [13] [14] Indeed, in the specific context of binary-species mixing occurring at supercritical-p conditions, it has been amply demonstrated [12] [13] [14] that the closures p(φ) = p(φ) and q(φ) = q(φ) are no longer accurate and should be replaced in favor of better models.
For binary-species mixing, an improved closure for p(φ) was proposed 12 and later validated. 13 This model is based on a Taylor series expansion of p(φ) in the proximity of the LES solution and requires the evaluation of the first and second derivatives of pressure with respect to the thermodynamics variables (e.g., molar volume, species molar fractions, and temperature). Although the analytical expressions for these derivatives can be easily obtained using the equation of state, the numerical implementation of the model may be costly when a large number of chemical species is present in the flow. Additionally, this model may become inaccurate and potentially unstable when a first-or second-order expansion of the pressure term is no longer sufficient for the accurate modeling of p(φ); this may happen, for example, in the high density-gradient magnitude (HDGM) regions that characterize supercritical-p flows. Similarly, a model for the filtered heat flux was proposed 035117-3 G. Borghesi and J. Bellan Phys. Fluids 27, 035117 (2015) correlations. Despite these encouraging results, modeling of the filtered heat and species fluxes with ADM in a multiple-species context may turn out to be problematic because the reconstructed fields in ADM are obtained as linear combinations of terms of alternating signs. In regions where the solution is not sufficiently smooth, some of the reconstructed fields for the species mass fractions may become negative, and then evaluation of the diffusion coefficients and of the thermodynamics properties of the flow becomes impossible. These considerations indicate that models for p(φ), q(φ), and J α (φ) that are of general applicability are not yet available and should therefore be sought. The objective of this study is to propose and evaluate models for p(φ), q(φ), and J α (φ) that can be easily implemented in LES of multi-species high-p and that are valid over a wide range of conditions. We accomplish this goal through an a priori analysis and an a posteriori assessment. To provide an additional way to probe the accuracy of the proposed LES models, a statistical analysis of the large-scale structures found in the Direct Numerical Simulation (DNS) (once transition to turbulence has occurred) is presented since it is intended that the flow fields obtained from accurate LESs should contain structures of morphology statistically similar to those observed in the filtered-and-coarsened (FC-DNS) fields.
The paper is structured as follows: The LES equations are presented in Sec. II and a description of a DNS database that was specifically created for this study follows in Sec. III. To find the morphology of the large-scale structures, we conduct a spatial statistical analysis which is presented in Sec. IV A. Foreseeing that the large-scale structures of the FC-DNS are the template for the LES, the analysis is performed both at the DNS level and for two filter widths. Then, an a priori analysis of the activity of the various terms in the LES equations is conducted and the results are discussed in Sec. IV B; unclosed terms with significant activity are identified and modeled. Modeling of the conventional SGS fluxes is not addressed since previous studies have already evaluated, both in the a priori 12 and a posteriori 13, 14 contexts, the accuracy of these SGS flux models (e.g., Smagorinsky model, gradient model, and self-similarity model) in the supercritical-p realm. Finally, the potential of the newly proposed models for the unconventional terms to increase the accuracy of LES for supercritical-p flows is determined through an a posteriori assessment. A summary and conclusions are offered in Sec. V.
II. LES EQUATIONS

A. Differential LES equations
The LES conservation equations are derived from the original conservation equations through the application of a spatial filtering operation to any function ψ(⃗ y) as
where G f is a positive filter function and V is the filtering volume; 16 G f has the property that for a spatially invariant function, the filtered function is identical to the unfiltered one. Since the flows under consideration are compressible, Favre filtering is employed, defined asψ = ρψ/ρ, where ρ is the density. The LES equations are written for the conservative-variable vector φ = { ρ, ρu i , ρe t , ρY α } where u i is the ith velocity component in a Cartesian frame of reference, e t = e + u i u i /2 is the total energy (i.e., internal energy, e, plus kinetic energy, e K = u i u i /2), and Y α is the mass fraction of species α, 
where α ∈ [1, N − 1], N is the number of species, t denotes the time, subscripts i and j refer to the spatial coordinates, σ i j is the Newtonian viscous stress tensor,
and S i j is the strain rate tensor, µ is the viscosity, and j α j and q j are, respectively, the αth species mass flux and the heat flux in the jth direction. τ i j , ζ j , and η α j are the traditional SGS fluxes
where ϑ(φ, θ) is defined as ϑ(ϕ, θ) =  ϕθ −  ϕ  θ. The expressions for the species mass fluxes and the heat flux are based on the full matrices of mass-diffusion coefficients and thermal-diffusion factors. [17] [18] [19] In detail, generically,
where
The consideration of the set of (N − 1) species equations rather than the set of N dependent species ensures that the equations are independent; in these (N − 1) equations, the original species mass fluxes and the heat flux were rewritten to account for only (N − 1) gradients. In Eqs. (7)- (9),
Here, X α = Y α m/m α represents the molar fraction; m α is the species molar mass; m is the mixture molar mass,
is the partial molar volume, where the molar volume is v = m/ρ; h α = (∂h/∂ X α ) T, p, X β (β α) is the partial molar enthalpy, where the molar enthalpy is h = G − T(∂G/∂T) p, X with G being the Gibbs energy; R u is the universal gas constant; D αγ are the pairwise mass diffusion coefficients; and α b T,α β are the binary thermal diffusion factors. The mass-diffusion factors, α Dα β , are calculated from thermodynamics as 
where µ α is the chemical potential of species α written in terms of N − 1 species; γ α ≡ ϕ α /ϕ o α , where ϕ is the fugacity coefficient written in terms of N species and the superscript o denotes the pure (X α = 1) limit. Matrix elements D βγ are the solution of the mixing rules equations,
Solutions for D βγ may be obtained by an approximate inversion 20 as follows:
where D b α β is the full approximation binary-diffusion matrix. This inter-species diffusion model, Eqs. (17)- (21) , is not valid when the mixture is composed of a single species (as, for instance, in pure fuel zones). In that case, Eq. (17) is no longer used and the diffusion coefficients are evaluated using the binary-diffusion matrix by setting D * α = D b α N , where N represents the index associated with the solvent. This method was tested against an exact Gauss inversion and it gave the same results, with an additional gain in computational time. Defining D α β as the first approximation of the binary diffusion matrix and realizing that the deviation of the ratio D b α β /D α β from unity is comparable to uncertainties in binary diffusion coefficients values, 18 we assume D 
where v PR is the molar PR volume and v = v PR + v s , with v s being a volume shift introduced so as to improve the accuracy of the PR EOS at high p; the v s computation was explained in detail elsewhere. 9 The expressions for a mix and b mix are highly nonlinear functions of T and X i (see Appendix B for details).
C. Unclosed terms appearing in the LES equations
The LES equations of Sec. II A contain terms that are unclosed and need modeling. Two types of unclosed terms can be identified: the conventional SGS fluxes τ i j , ζ j , and η α j , which stem from the non-linear nature of the convective terms and those obtained when filtering the remaining non-linear terms in the governing equations. The terms belonging to this last category are the following:
The last term in Eq. (23) appears only in the energy equation and can be split in two contributions,
This term is usually negligible for low-Mach number flows, as demonstrated in Sec. IV B 1. Modeling of the conventional SGS fluxes has received the most attention in the LES literature, whereas simplistic assumptions have been usually employed for the remaining unclosed terms. A popular approach, which will be referred to in the remainder of this paper as the "standard LES assumption" (SLA), is to evaluate these terms by assuming that f (φ) = f (φ), where f indicates a generic function of φ. According to the SLA,
The above approximations are valid when the ambient pressure is sufficiently low and the perfect gas equation of state can be used; however, they may not be accurate when flows under supercritical-pressure conditions are considered. This is particularly true for p(φ), q j (φ), and J α j (φ).
For the sake of further analysis, it is convenient to rewrite each of the terms in Eq. (23) as the sum of a resolved part and a SGS contribution,
The terms in the LES equations involving the quantities listed in Eq. (23) can then be rewritten as follows:
Momentum equation:
Energy equation:
Species equation:
This form is useful in that it allows to assess the accuracy of the SLAs in an easy and straightforward way. If these assumptions were accurate, the SGS terms in Eq. (27) would be null. 
III. DESCRIPTION OF THE DNS DATABASE
The simulations describe the mixing between two streams having different chemical compositions; the five species selected for the simulations are relevant to combustion. The fuel is represented by n-C 7 H 16 because it is representative of diesel fuel; air is represented by its major species, that is, N 2 and O 2 ; and the major products of complete combustion are CO 2 and H 2 O. The properties of these species are listed in Table I and the initial composition of the two streams is provided in the caption of Table II . n-C 7 H 16 and O 2 will be referred to as "major species" since they are present in abundance in either the upper or the lower stream; conversely, CO 2 and H 2 O will be labeled "minor species" since their mass fractions are initially small in the entire mixing layer.
For specific use in the present study, we created two DNS realizations employing the molecular fluxes' model described in a previous study 7 and we focussed on investigating the influence of the freestream pressure, p 0 . The DNSs were performed in a temporal mixing layer configuration having periodic boundary conditions in the streamwise (x 1 ) and spanwise (x 3 ) directions, and non-reflecting boundary conditions in the cross-stream (x 2 ) direction. 21 The mixing layer initially hosted four spanwise vortices and the initial vorticity was perturbed to accelerate the roll-up and successive pairing of the vortices, leading to an ultimate vortex. In contrast to the DNSs created in our previous multi-species study, 7 the mean flow and the initial perturbation used in our previous binary-species study 8 were adopted because the resulting flow field displays a thicker mixing layer early during the simulation, a fact which enabled obtaining a high-quality simulation on a coarser grid compared to our previous multi-species study. 7 The domain size in the streamwise (L 1 ) and spanwise (L 3 ) directions is such that it accommodates initially four vortices associated with the wavelengths λ 1 and λ 3 of perturbations, 8 respectively. The domain lengths, L i (i = [1, 3] ), were the same for all simulations and are listed in the caption of Table II . The cross-stream domain size (L 2 ) is large enough so that there is no interference of the mixing region with the domain boundaries.
The initial Reynolds number was defined as Re 0 ≡ 0.5(ρ U + ρ L )∆U 0 δ ω,0 /µ R , where ρ U and ρ L are the mixture initial densities, with subscripts U and L labeling the upper and lower streams, respectively; δ ω,0 = ∆U 0 /(∂ ⟨u 1 ⟩ /∂ x 2 ) ma x is the initial vorticity thickness, where ⟨·⟩ represents the (x 1 , x 3 ) planar average; ∆U 0 = U U − U L is the initial velocity difference across the layer; and µ R is a reference viscosity. To compute µ R , first a physical initial-mixture viscosity µ ph,0 was computed based on the physical initial species viscosities (Appendix A), then a reference value µ R was obtained from the chosen Re 0 , and finally a factor F A ≡ µ R /µ ph,0 was defined. All physical transport properties computed according to the methods explained in Appendix A were then scaled by F A, a procedure which allowed the computation of accurate dimensionless numbers. The value of F A was computed at the initial time, for the initial constant p 0 and T 0 = (T U + T L )/2, using the 5-species mixture, each species being averaged over the entire domain. In this way, a unique F A value was employed in the computational domain. This scaling satisfies the Batchelor principle of flow similarity 22 stating that flow characteristics only depend upon non-dimensional numbers rather than individual transport properties. As done previously, 9 an initial convective Mach number was specified, Ma 0 = 0.4, which together with the speed of sound and the compressibility factor computed from the EOS determined the values of U U and U L .
The computational methodology has already been described in detail 7 and thus will only be summarized here. The differential equations were discretized using a sixth-order compact scheme and time integration was performed utilizing a fourth-order explicit Runge-Kutta time scheme. Time stability was obtained by filtering the conservative variables every five time steps employing an eighth-order explicit filter. 23 The computations were parallelized using three-dimensional domain decomposition and message passing interface; the tridiagonal solver for the spatial discretization scheme was efficiently parallelized. 24 p and T were computed from the EOS and the known functional dependence of e on (T, p) using an iterative scheme. The grid spacing, ∆x, was uniform and was selected to ensure that the smallest scales relevant to dissipation were resolved. The computations were stopped at a transitional state identified by the first time at which the spectra for the dynamic and thermodynamic variables were smooth, thereby showing the characteristics of turbulence; the corresponding non-dimensional time was labeled t * tr , where t * ≡ t∆U 0 /δ ω,0 . The excellent resolution is demonstrated in Fig. 1 showing the fluctuation-based spectra for u, T and Y α for each simulation at t * tr . The names of the simulations, p60 and p80, and the database's characteristics are listed in Table II where the values of relevant quantities, including t * tr , are provided. An indication of the turbulence level achieved at transition is given by Re m = Re 0 δ m,tr  δ ω,0 , where δ m is the momentum thickness,
In the above equation, x 2,min = −L 2 /2.5 and
The values of Re m for the simulations presented in this study are provided in Table II .
IV. RESULTS
Time-averaged results are not statistically significant in the present study since the mixing layers are unsteady; and it is well known that systems potentially containing several phases (as could be the case under high-pressure conditions) are not ergodic 25 because one or several order parameters-i.e., additional variables-must be provided to describe the state of the system, 26 particularly when there is a possibility of being near the critical point where large thermodynamic fluctuations exist. Moreover, we already know that the flows of present interest have distinct inhomogeneities, [6] [7] [8] [9] [10] [11] in which case duplicating the local aspect of the flow may be important. Indeed, local inhomogeneities affect turbulence production 7, 27 as well as phase separation. 26, 28, 29 These arguments lead to the analysis being focussed on the state obtained at t * tr . In analyzing the numerical results, we first perform a statistical analysis of the large-scale distortion of the mixing layers at t from the DNS database. The attention is focused here on the unconventional SGS terms given in Eq. (27) . No new models for the conventional SGS terms τ i j , ζ j , and η α j are proposed here since, as already stated in Sec. I, equivalent studies [12] [13] [14] exist for binary-species mixing under supercritical-p conditions, and these findings are expected to hold here as well due to the convective nature of the conventional SGS fluxes.
To evaluate the proposed LES models for the unconventional SGS terms, an a posteriori investigation is finally conducted. The accuracy of the various LES models is assessed by comparing the LES and FC-DNS solutions from the viewpoints of (i) the statistical geometrical and morphological aspects of the large-scale structures in the flows; (ii) the predictions of integral quantities; (iii) the results obtained for the homogeneous-plane averages of the velocity, thermodynamic variables, and second-order correlations; and (iv) visualizations.
In performing both the a priori and the a posteriori studies, the DNS data must be filtered; to this scope, a top-hat filter is used, being the only one consistent with easy interpretation of results when using a finite difference scheme. Two LES filter widths are considered, ∆ = 3∆x and ∆ = 6∆x, these values being representative of two coarse-grid LESs. Since the analysis is performed on transitional rather than fully turbulent flows, a coarse-grid LES is obtained at considerably smaller ∆ than in fully turbulent flows. Indeed, what determines the fine-grid versus the coarse-grid LES regimes is not the value of the ratio between ∆ and the smallest scale, but rather the effects captured when filtering at that ∆; the fine-grid LES is only concerned with SGS models for dissipation whereas the coarse-grid LES will contain SGS effects others than those of dissipation. In fully turbulent flows, the dissipation range can be considered to be ∼10l, where l is the smallest flow scale. For fully turbulent flows, any ∆ within 10l can be considered to correspond to fine-grid LES. For a fully turbulent flow, coarse-grid LES is considered to start at the inertial subrange and the characteristic of this range is that additional to the dissipation effects, larger scale activity must also be modeled. As will be seen below, even at ∆ = 3∆x, the present filtered flow field contains significant effects other than those of dissipation and thus qualifies as coarse-grid LES. Also, both for fully turbulent and transitional flows, the inertial range corresponds to the spectral range having the −5/3 slope. For fully turbulent flows, the dissipation range exhibits a drastic drop-off in slope; between the inertial range and the dissipation range, there is a range with an intermediary slope, and this is the scale-similarity regime. But for transitional flows, the dissipation range is not well marked because the slope drop-off does not occur; in fact, the slope in the high-wavenumber regime is somewhere between that of the scale-similarity range of fully turbulent flows and of the dissipation range of fully turbulent flows. That is, while we know for these transitional flows that the smallest scale reached is that of dissipation, the scale-similarity regime can be very close to that of the dissipation since the separation of scales is not well marked. 16 Our study takes full advantage of these two beneficial aspects of transitional flows, i.e., reaching a coarse-grid LES and scale similarity close to the dissipation range, for model development.
A. Statistical analysis of flow characteristics at t * tr
High-p turbulent flows undergoing multiple-species mixing are characterized by several structural features, among which one of the most important is the occurrence of HDGM regions. 10, 11 Accurate LES would reproduce the salient properties of these flows, meaning that not only spatially averaged values and rms of several fluid-dynamics variables, such as the velocity components, would be captured but also that the spatial statistical occurrence of large-scale structures within the flow would be correctly represented. To characterize the large-scale distortion of a turbulent flow, we examine the spatial distributions of two important quantities: the second invariant of the rate of deformation tensor, 30 I I d , which addresses the dynamic aspects of the flow, and the irreversible entropy production rate g, which primarily addresses the thermodynamics. 7 I I d is chosen here rather than other variables because it provides both shape change and rotation information regarding material elements. This quantity is preferable to the strain rate tensor, which only addresses the shape change, and also to the rotation rate tensor, which lacks information on the elements shapes. g is the sum of the contributions responsible for entropy production due to species diffusion, heat conduction, and viscous dissipation. This quantity is useful from the viewpoint of turbulent combustion modeling as it highlights those regions of the flow where strong mixing occurs.
These structural features can be studied using a Minkowski functionals' (MFs) analysis. In conducting the MF analysis, the DNS solution is filtered and coarsened to remove the small scales structures using either ∆ = 3∆x or ∆ = 6∆x; the FC-DNS fields are then used to compute I I d and g. Then, the MFs of selected iso-surfaces of I I d and g are evaluated.
Introduction to MFs
The MFs [31] [32] [33] [34] are Galilean invariant morphological properties of a surface derived from integral geometry theory. In a three-dimensional space, four MFs can be defined. Following previously defined notation, 33, 34 V, S, C = 1 2
where V is the volume enclosed by the surface associated with the MF, S is its area, and C and χ are, respectively, the integrated mean curvature and the "integrated Gaussian curvature" (or Euler characteristic) of the surface. A quantity linked to the integrated Gaussian curvature is the genus which can be interpreted as the number of independent cuts that a surface can sustain without being broken into separate pieces. From the MFs, three additional quantities, called "shapefinders," can be defined: [31] [32] [33] [34] these are the "thickness" T , the "breadth" B, and the "length" L,
Two dimensionless shapefinders, named "planarity" P and "filamentarity" F , can then be obtained by combining the above shapefinders,
These quantities and the genus are sufficient to characterize the topology and morphology of a surface. Clearly, before computing (P, F , G), one must identify the surfaces to be probed. The construction of the iso-surfaces is here performed using an enhanced version 35 of the marching cube algorithm 36 while the MFs are computed following a previously described procedure. 33 Only the G = 0 iso-surfaces are considered in our analysis; this choice implies that both the planarity and the filamentarity are positive quantities. This choice does not affect our results, since G = 0 for the great majority of the iso-surfaces analyzed in this study; however, if needed, one could use an available method 31 to include in the analysis the iso-surfaces with negative genus. Within the G = 0 subset, (P, F ) = (0, 0) for a sphere, 31, 32 (P, F ) = (1, 0) for a thin circular sheet, 31, 32 (P, F ) = (0, 1) for an infinitely long tube, 31, 32 and (P, F ) = (1, 1) for an infinitely long ribbon. 31, 32 According to the visual shapes of the iso-surfaces extracted elsewhere, 31 the more complex (on average) is the structure of a surface, the larger is either P or F .
To conduct the MF analysis, an iso-value for the iso-surfaces must be first selected. To this scope, we constructed the probability distribution function (PDF) P(η) of the field (e.g., I I d or g) to be investigated, with η being the sample space for the field intensity. In assembling the PDF, we only considered the contributions from those regions of the flow where the local value of the field was above a threshold, which was taken to be a ten-thousandth of the global maximum of the field. Of note, for I I d , this choice implies that only contributions from vorticity-dominated regions (where I I d is positive; see below) are taken into account. The iso-value η iso of the iso-surfaces to be extracted was then computed as
with P iso = 0.9. This choice guarantees the extraction of a statistically relevant number of structures for the different filter widths considered. Different iso-values, corresponding to values of P iso ranging between 0.87 and 0.93, were also tested for completeness. Despite a variation in the size of the extracted structures, it was observed that their shape, spatial distribution, and morphology were only little affected by the choice of the threshold value, similarly to conclusions reached elsewhere. 
MF analysis of the second invariant of ∇u
The definition of I I d is
where ω = ∇ × u is the vorticity vector. According to the above definition, surfaces identified by large positive values of I I d are dominated by vorticity rather than strain. Iso-surfaces of I I d at t * tr are shown in Figs. 2(a), 2(c), and 2(e) for p60 and Figs. 3(a), 3(c), and 3(e) for p80. I I d was computed using either unfiltered (a) or the FC-DNS solution fields ((c) and (e); (c) corresponds to ∆ = 3∆x, while (e) corresponds to ∆ = 6∆x). When the solution fields are filtered, only the large-scale structures survive; consequently, a comparison between the filtered and unfiltered cases can be used to identify the structures having length scales smaller than ∆. For the iso-values considered here, most of the iso-surfaces have characteristic length scales that are smaller than the filter width since they disappear as the solution fields are filtered; in particular, the higher the value of ∆, the larger the number of iso-surfaces removed. This is clearly shown in both Fig. 2 for p 0 = 60 bar and Fig. 3 for p 0 = 80 bar. The value of p 0 seems to slightly affect the spatial distribution of the iso-surfaces, which appear to be less homogeneously distributed in the mixing layer for larger values of p 0 ; this may be a consequence of the increasing difficulty to entrain a denser fluid as p 0 is increased.
The scatter plots of F versus P for the I I d iso-surfaces are displayed in Figs. 4(a) and 4(b) for p60 and p80, respectively. Data are shown both for the DNS solutions and for ∆ = 3∆x or ∆ = 6∆x. For p60 (Fig. 4(a) ), the DNS database exhibits surfaces generally having greater F than P whereas for p80 (4(b)), the spread of P values slightly increases while that of F slightly decreases. This indicates a somewhat different morphology of the flow for p 0 = 80 bar due to the increased density at increasing p 0 , making it more difficult to entrain and form filaments. Despite these differences, the surfaces are characterized by high F and low P values for both cases. Filtering removes the surfaces with higher P while those with higher F are apparently better maintained. These results indicate that the LES flow fields should be characterized by structures of I I d that are rather more filamentary than planar in nature.
MF analysis of the dissipation
The general mathematical form of the irreversible entropy production rate has already been derived in the past. 19, 29, 37 Following previous notation, 
where ((−D α β m)/(Y α m β )) is a symmetric positive semi-definite matrix 38, 39 and
The g iso-surfaces at t * tr are presented in Figs. 2(b), 2(d), and 2(f) for p60 and Figs. 3(b), 3(d), and 3(f) for p80. Following the same procedure that was adopted for I I d , g was computed using both unfiltered (b) and the FC-DNS ((d) and (f)) solution fields. Visually, the g iso-surfaces look more extensive than the I I d ones; additionally, their spatial distribution appears to be less chaotic that the one exhibited by the iso-surfaces of I I d . As the p 0 value is increased, the iso-surfaces become more sparse (compare Figs. 2(b) , 2(c), and 2(d) to Figs. 3(b) , 3(c), and 3(d), respectively); this effect is again attributed to the increased difficulty in achieving mixing between two fluids as they become denser.
The scatter plots of F versus P for the g iso-surfaces are shown in Figs. 4(c) and 4(d) for p60 and p80, respectively. Analysis of the DNS solutions reveals that these iso-surfaces, although much reduced in number and sparse in distribution, usually have a more complex morphological and geometrical aspect than the I I d ones; in fact, there are scarcely any low-complexity-structure iso-surfaces for g. Filtering the solution fields (i.e., removing the small scale structures from the DNS solutions) results in the removal of some of the high-complexity structures of g; however, for given value of ∆, the remaining large-scale structures still retain a higher morphological complexity than the equivalent ones for I I d . These results indicate that, in the LES solutions corresponding to the mixing layer information listed in Table II , the large-scale structures of g should have, statistically, higher values of planarity and filamentarity than those of I I d . Since in these transitional flows g is primarily related to thermodynamic effects, 7 this MF analysis is an indicator that representing the effects of unconventional SGS models may be necessary to obtain high-fidelity LES.
B. A priori analysis
Because the interest is in reproducing in LES the physics of the DNS database, we first determine the importance of each phenomenon represented in the conservation equations by assessing the activity of each term appearing in Eqs. (3) and (4) . That is, we do not compare each of the terms with the leading-order term which is O(10)-O(10 2 ) larger than other terms, as shown below; if we did so, for the chosen values of ∆, there would be no rationale to retain a single of the SGS terms. What we are comparing is a resolved term and its SGS contribution in order to evaluate if the latter is a significant percentage of the former, in which case modeling of the SGS term is necessary to accurately portray the physics embedded in that term. Clearly, if both a resolved and unresolved terms have contributions negligible with respect to the leading order term, modeling of that SGS term is unnecessary. In performing this analysis, the unclosed terms not associated with the conventional SGS fluxes are rewritten according to Eq. (27) . Since in the supercritical-p realm, the ability of the typical SGS models (Smagorinsky model, the gradient model, and the scale-similarity model) to reproduce the conventional SGS fluxes has already been assessed, 12 the results described below indicate that we should focus on p(φ), q j (φ), and J α j (φ). This assessment is first made in Sec. IV B 1 from the standpoint of domain averages. Models for the unconventional SGS terms are proposed and subsequently assessed on a planar average basis in Sec. IV B 2.
Activity of terms in the LES equations
The activity of terms appearing in Eqs. (3) and (4) is given in Tables III-X in terms of their root mean square σ rms . The root mean square of a spatial field f is defined as the square root of its variance f ′2 ,
where ⟨⟨⟩⟩ denotes averaging over the entire computational domain. Although the flow evolution in DNS will not be the same as in LES, it seems reasonable to assume that, in LES, unclosed terms 
with large activities may need more accurate modeling than terms with low activities. Results are given in the tables for both simulations in the DNS database at their corresponding transitional time t * tr , each for ∆ = 3∆x and ∆ = 6∆x. For the momentum equation (Tables III-V) , the terms with the largest activity correspond to the inviscid resolved terms, ∇ · (ρ  u  u) and ∇p(φ), and to the unconventional SGS pressure term,
The activity of the remaining terms is approximately one to two orders of magnitude smaller than that of the leading terms. Under supercritical-p conditions, the pressure is a strongly non-linear function of the flow variables and it is thus expected that, with increasing ∆, the difference between p(φ) and p(φ) should also increase. This is indeed confirmed by the fact that, with increasing ∆, the activity of ∇[p(φ) − p(φ)] increases at a higher rate than that of ∇p(φ), indicating that an accurate model for the unconventional SGS pressure term may be important for LES of supercritical-p flows. Taking Table III as an example, for Run p60, the results show that not only does
 for ∆ = 3∆x and 119% for ∆ = 6∆x but also
 for ∆ = 3∆x and 85% for ∆ = 6∆x. The ρτ 1 j term is of dissipative nature, but the ∆(p) term is not so, showing that both values of ∆ are in the coarse-grid LES regime. Of note, at ∆ = 6∆x, the SGS viscous stress contribution is larger than that of the resolved stresses, indicating the meaningfulness of both the database and the chosen ∆. For the energy equation (Table VI) , the convective term has the largest activity, followed by a group of terms with similar magnitude which comprises the resolved pressure work, the conventional SGS flux, the resolved heat flux, and the unconventional SGS terms due to pressure work, ∇ · [(p(φ) − p(φ)) u], and the heat flux, ∇ · [q(φ) − q(φ)]. The ratio between these two categories of terms is of approximately two order of magnitudes, independently of the ∆ value considered. 
Taking as an example Run p60 for Finally, in examining the activity of terms for the species LES equations, we distinguish between the equations for the major species, n-C 7 H 16 and O 2 (Tables VII and VIII) , and those for the minor species, H 2 O and CO 2 (Tables IX and X) . Although for each species the convective term is dominant, the activity of the unconventional SGS term due to the species molecular flux, ∇ · [J α (φ) − J α (φ)], is significant (i.e., of the order of 40%) with respect to its resolved counterpart ∇ · J α (φ) for the major species, while this is not the case for the minor species. This fact is attributed to the much smaller fluxes of H 2 O and CO 2 (having mass fractions which are initially uniform in the entire domain) relative to those of n-C 7 H 16 and O 2 . For n-C 7 H 16 (Table VII) , the results for Run p60 and ∆ = 6∆x indicate that conventional SGS effects are important since ∇ · (ρη) represents 139% of the resolved term ∇ · J α (φ); but unconventional SGS terms are also important since (Table IX) , equivalent results for Run p60 and 
, thus making the unconventional SGS term of marginal importance. Compared to our previous binary-species study, 12 the increased importance of ∇ · [J α (φ) − J α (φ)] with respect to ∇ · J α (φ) for n-C 7 H 16 and for O 2 is attributed to the larger values of Re m, t r obtained in the present DNS database with respect to the binary-species simulations 8 used in that analysis. 12 For the present conditions, the activity of ∇ · (ρη) is comparable to (exceeds) that of ∇ · J α (φ) for all species at ∆ = 3∆x (∆ = 6∆x).
Modeling of p(φ), q(φ), and J α (φ)
The analysis of the activity of terms in the conservation equations has shown that some of the unconventional SGS terms are not negligible. These terms correspond to the SGS pressure term in the momentum equation Improved models for p(φ), q(φ), and J α (φ) can be obtained by extending the scale similarity model 40 to functions of the conservative fields φ. Following this approach, we define a test-filtering operation  () and  ∆ which is the filter width associated with the test filter. For the grid-level and test-level SGS species fluxes are defined as
The test-level resolved scalar can be expressed through the following Germano identity: 
which is used in the following to evaluate the scale-similarity coefficient. Within the context of scale-similarity models, the grid-level and test-level SGS quantities can be modeled as
Assuming
, the Germano identity can be rewritten as
Following Lilly, 42 the value of the coefficient C p that minimize errors can be computed using a least-square method, resulting in
For the fluxes, a similar development leads to
and the coefficients minimizing these errors are computed as
These models are labelled "improved LES assumptions" (ILAs) to clearly distinguish them from the SLA given by Eq. (25) . In all calculations below,  ∆ = 2∆. Illustrated in Fig. 5 are the coefficients computed according to Eqs. (45) and (48). Inside the mixing layer, C p and C q are both bounded in [0.7, 2.2] while C J α ∈ [0. 5, 3] . This shows that in the region of activity, the coefficients are positive and vary within a small range, thereby showing that they are well-conditioned and boding well for stable LES. At larger p 0 , the coefficients vary in a narrower range than at smaller p 0 , indicating increased LES stability, which is an important attribute. Outside of the mixing layer, the coefficients vary widely but during a LES computation they will be multiplied by very small values because M p , M j,J α , and M j,q are there indeed very small, and thus the stability of the LES will not be jeopardized.
The models given by the ILA are assessed here against those given by the SLA. To this scope, the DNS data were used to compute the homogeneous-plane rms of the difference between the following exact terms, ∇p(φ), ∇(p(φ) u), ∇ · J α (φ), and ∇ · q(φ), and their modeled counterparts, ∇p(φ) mod , ∇ · (p(φ) mod  u), ∇ · J α (φ) mod , and ∇ · q(φ) mod , where p(φ) mod , q(φ) mod , and J α (φ) mod are evaluated using either Eq. (25) or the following models:
The better a model is, the closer the rms is to zero. The findings are shown in Fig. 6 for
(the species considered for the analysis being H 2 O and n-C 7 H 16 ), and Fig. 9 for (∇ · q(φ) − ∇ · q(φ) mod ), all for ∆ = 3∆x and ∆ = 6∆x. Results obtained for the fluxes of CO 2 and O 2 (not shown) are similar to those for the fluxes of H 2 O and n-C 7 H 16 , respectively. All these models operate in the coarse-grid LES regime and their goal is to minimize the rms. Figure 6 shows that the rms of (∇p(φ) − ∇p(φ) mod ) is larger in the upper part of the mixing layer and increases with increasing p 0 and ∆. These effects are direct consequences of the non-linear nature of the PR EOS; an increase in either p 0 or ∆ is expected to result in a larger difference between φ and φ and thus in a higher difficulty in modeling p(φ) as a combination of terms where p is evaluated in terms of φ; the range of the values on the axis confirms this interpretation. For p60, a doubling of ∆ induces a corresponding rms increase by approximately a factor of 2; however, for p80, the increase is only by a factor of 1/3. At ∆ = 3∆x, an increase by a third in p 0 results in a nearly doubling of the rms, whereas at ∆ = 6∆x, the rms increase is only approximately 1/3. Although the number of DNS realizations and the number of ∆ values are not large enough for a definite conclusion, it appears that at larger p 0 the rms does not increase proportionally with ∆, and that at larger ∆ the rms may increase proportionally with p 0 . Previous studies 7 have shown that the largest difference between φ and φ is localized to certain regions of the mixing layer; for example, a larger p 0 is responsible for an increasing difficulty in achieving good mixing between the upper and lower streams, resulting in the local formation of strong gradients of density, temperature, and species mass fractions. At ∆ = 3∆x and in the region of most activity, the ILA model for p(φ) leads to a reduction in the modeling error by approximately 70% compared to the SLA model while at ∆ = 6∆x the reduction is typically 50%. An even larger effect is seen on Fig. 7 
The rms of this term displays a double-hump feature and the overwhelming activity is associated again with the upper part of the mixing layer. The ILA model for p(φ) reduces the rms of ∇ · [p(φ) u − ∇ · p(φ) mod  u] with respect to that computed using the SLA by more than a factor of two except for ∆ = 6∆x in the region of maximum activity, independently of the values of p 0 and ∆.
The rms results displayed on Fig. 8 for
show similarities between the behavior of n-C 7 H 16 and that of H 2 O. The ILA model performs well for both n-C 7 H 16 and H 2 O, leading to an error reduction of approximately a third compared to the corresponding SLA, despite the rms for n-C 7 H 16 being O(10 2 ) − O(10 3 ) larger than that of H 2 O. For both species, the rms increases by approximately a factor of 2 when ∆ increases by the same factor. A significant difference between n-C 7 H 16 and H 2 O is that whereas the rms obtained with SLA and ILA varies for n-C 7 H 16 according to ∆, for H 2 O no such dependence on ∆ can be seen. We attribute this finding for H 2 O to the fact that its initial distribution being uniform rather than segregated as that of n-C 7 H 16 , the gradients of the former are considerably smaller and thus filtering at a larger ∆ has only minimal effect on the amount of activity removed.
Finally, the examination of Fig. 9 for ∇ · q(φ) reveals that the rms increases approximately proportionally with p 0 . At larger ∆, the ILA model is not as effective as at smaller ∆, a fact which is expected for quantities with very large non-uniformities, and the ILA model also seems slightly less effective at the larger p 0 .
C. A posteriori assessment of SGS models for p(φ), q(φ), and J α (φ) in LES
The performance of the models for p(φ), q(φ), and J α (φ) described in Sec. IV B 2 is evaluated here by conducting LESs of the mixing layers described in Table II . In all simulations, the LES grid spacing is ∆x LES = 3∆x; additionally, ∆ = 2∆x LES = 6∆x and∆ = 2∆ = 12∆x. The LES results are compared with those obtained from the corresponding FC-DNS solutions. The numerics of the LES code is substantially the same as that used in the DNS code. In DNS, one uses a high-order low-pass filter 23 to maintain long-time stability. This filter, being of high order, only removes spurious information without affecting the physical content of the data as the filter only acts on the smallest scales that can be resolved on the grid and thus does not act as a turbulence model which could allow under-resolved simulations; for the well-resolved DNS grid, the frequency of the high-order filtering does not alter the solution. Since the LES grid resolution is only sufficient to resolve the large scales, to guarantee the numerical stability of the simulations, 23 filtering of the solution fields using a very high-order low-pass filter was performed at regular intervals ∆t filt of the simulation time, with ∆t filt = 3∆x LES /(∆U 0 /Ma 0 ). This value of ∆t filt seems a natural fit for these LESs, although, unlike in DNS, the filtering frequency is expected to slightly affect the solution; this is in concert with LES being an approximation of the exact flow field.
The initial and boundary conditions for LES were obtained by spatially filtering and coarsening those of the corresponding DNS.
In all LESs presented here, the Dynamic Mixed Gradient (DMG) model is used for the turbulent SGS fluxes τ i j , ζ j , η α j . 13, 43 For the purpose of performing a posteriori computations using the DMG model, we consider the filter width  ∆ corresponding to the double convolution of the two filters having filter widths ∆ and  ∆, and following Vreman et al., 44 we compute
as an approximation to the exact value of  ∆ q(φ)) presented in Sec. IV B 2, while the standard LES assumptions are used for the remaining unconventional SGS terms; and PFCOR uses the models given in Sec. IV B 2 for p(φ), q(φ), and J α (φ). Results are examined from the viewpoint of time-wise evolution of domain averages, statistical measures at t * tr provided by F versus P for I I d , cross-stream variation of homogeneous-plane averages and homogeneous-plane averages of second-order correlations of interest at t * tr , and visualizations of thermodynamic variables at t * tr . Fig. 10 shows the temporal evolution of the normalized momentum thickness δ m , the domainaveraged positive spanwise vorticity ω is an indicator of the small-scales formation in the layer (initially, ω 3 is negative at all spatial locations), and ⟨⟨ω i ω i ⟩⟩ is a manifestation of the stretching and twisting aspects of turbulence. The results indicate that these quantities are all excellently predicted by the different LES models tested, and the peak vortical quantities are most accurately predicted by NCOR and PCOR. Another quantity of interest is the difference between the domain-averaged pressure and p 0 , (⟨⟨p⟩⟩ − p 0 ). For models PCOR and PFCOR, p is computed using the model of Sec. IV B 2, as without this correction smaller-p values are obtained. All four models predict very well the pressure evolution. Of note, at the latter times of the simulation, it appears that the NCOR and FCOR models more faithfully reproduce the FC-DNS than the other models as far as the vorticity and pressure aspects of the flow.
Integral quantities
Thus, from the viewpoint of the integral quantities, it would seem that at the relatively small Reynolds numbers achievable in DNS and the relatively small filter width chosen here, in LES of high-p and multi-species mixing flows, there is no predictive advantage in using models for p(φ), q(φ), and J α (φ) different from the SLA. Similar results are obtained for p80 (not shown).
Morphology of the large-scale structures of the flow at t * tr
The (P, F ) scatter plots of the I I d iso-surfaces extracted at t * tr from the various LESs are shown in Fig. 11 for p60 , as an example; the results for p80 are similar. All LES models have comparable success in reproducing the morphological features of the flows associated with the second invariant of the deformation rate tensor. This is an encouraging result, meaning that discrimination among LES models should rely on other features of the flow.
Homogeneous-plane averages and second-order correlations at t * tr
Homogeneous-plane averages of the streamwise velocity and of thermodynamic variables appear in Figs. 12 and 13 for simulations p60 and p80, respectively. For both simulations, ⟨u 1 ⟩ , ⟨T⟩ , Y C 7 H 16 and Y O 2 are excellently predicted by all LES models. We also notice the success in the main-feature prediction of Y H 2 O despite it being a very small quantity, and the fact that all LES models return the value of the freestreams; the very small fluctuations in the mixing layer, due to multi-species diffusion, are not necessarily rendered accurately by the models. The largest discrepancy between the predictions of the LES models and the FC-DNS and also among LES models occurs for (⟨p⟩ − p 0 ). For the p60 simulation, PFCOR is the only model able to recover the freestream value in the upper stream and seems closer overall to the FC-DNS although the lower stream value is not well captured. For the p80 simulation, the upper stream value and lower stream values are well predicted by several models, but overall NCOR seems to be more closely following the FC-DNS.
Faced with the uncertainty in visually discriminating among LES models to assign relative accuracy, we define for any variable Ψ the error
which provides an overall measure of a LES-model performance for Ψ by comparing with the FC-DNS. Results from computations using Eq. (53) are presented for p80 in Table XI for all averaged variables. Also listed are the most accurate and second most-accurate model, with the idea that if the most accurate model is not the same but the second most-accurate model is the same, the latter model would be recommended. The most accurate predictions are made for all LES models for T, p,Y CO 2 , and Y H 2 O . In the next best-predicted category of variables are ρ,u 1 ,Y C 7 H 16 , and Y O 2 . Finally, the most inaccurate predictions are made for u 2 and u 3 . Clearly, there is wide-spread capability among the models and thus it is generally difficult to recommend one LES model over another. One may take the position that since the NCOR model is the most computationally efficient, since it is the most accurate for predicting p,u 1 ,u 2 , and since it is the second most-accurate for predicting the major species, this model should that of choice. Another position is that a simulation should be judged according to the least accurately predicted variable and then a model including the ILA should be used, in which case the prediction of other variables may also be improved. in Fig. 16(c) , FCOR LES in Fig. 16(d) , and PFCOR LES in Fig. 16(e) . All models are successful in duplicating the relative regions of high and low T and even some smaller scale structures of the T distribution. These visualizations are typical of the success in duplicating the primitive variables.
V. SUMMARY AND CONCLUSIONS
A DNS database describing multi-species mixing under supercritical-pressure (supercritical-p) conditions was created to conduct an a priori analysis and an a posteriori assessment regarding the modeling of some of the unclosed terms that appear in the equations for LES. The goal of the study was to propose models for the unclosed terms of the LES conservation equations other than the terms stemming from the convective terms of the original equations and to determine whether these models are helpful in producing more accurate LES than the standard model in which these terms are computed using the same functional form as in the original conservation equations. The configuration considered was that of a temporally evolving mixing layer between a stream containing n-heptane and a stream containing nitrogen and oxygen, each stream being vitiated with carbon dioxide and water. Two cases were simulated: the initial values of the Reynolds number for these simulations were the same, whereas different values for the freestream pressure (p 0 ) were used. Most of the analysis was conducted at the transitional time, i.e., the flow time corresponding to transition from laminar conditions to a flow displaying turbulent characteristics. In post-processing the results, the DNS data were filtered using a top-hat filter with two different values of the filter width ∆, ∆ = 3∆x, and ∆ = 6∆x, where ∆x is the DNS grid spacing; despite being relatively small, these values of ∆ correspond to coarse-grid LES for the present transitional flow.
Because it is expected that accurate LES solution fields should contain large-scale structures having levels of morphological complexity similar to those of the structures observed in the FC-DNS fields, we examined the morphological properties of the iso-surfaces of the second invariant of the rate of deformation tensor (I I d ) and the irreversible entropy production rate (g), both computed using either the DNS solution fields or their FC-DNS counterparts. MFs provided information on the planarity (P) and the filamentarity (F ). Examination of the DNS database revealed that the iso-surfaces of g have more complex structure than those of I I d . With increasing p 0 , the morphological complexity of both I I d and g iso-surfaces slightly decreased as manifested by a narrower range of P and F values. The iso-surfaces of I I d were mainly filamentary whereas those of g had more diverse shape characteristics. Although the FC-DNS iso-surfaces had less structural complexity than those of the DNS, the aspect of the g structures was found to be more complex than that of the I I d structures. This information indicated that modeling of SGS terms related to the thermodynamic variables may be potentially important.
Thus, in an a priori study, we proposed different models for three unclosed terms that appear in the LES equations: the filtered pressure p(φ), the filtered heat flux q(φ), and the filtered species fluxes J α (φ). The analysis of the domain-averaged rms of all terms that appear in the LES equations, computed using the DNS database, revealed that, for the flows under consideration in this study, if p(φ), q(φ), and J α (φ) were to be computed as p(φ), q(φ), and J α (φ), a significant loss of accuracy could be expected in some regions of the mixing layers. Improved models for p(φ), q(φ), and J α (φ) were thus formulated using a scale-similarity approach. A priori testing of these new models revealed that, for the flow conditions considered in this study, they usually perform significantly better than the standard closures p(φ) = p(φ), q(φ) = q(φ), and J α (φ) = J α (φ) that are often used in LES of flows described by a perfect gas equation of state. The above findings were independent of the value of p 0 and of the filter width considered. For some of the terms considered in the analysis, the error reduction seemed unaffected by the value of the filter width.
The a posteriori evaluation of the improved models for p(φ), q(φ), and J α (φ) was conducted using the dynamic mixed gradient model to close the conventional turbulent SGS fluxes in all LESs, while modeling of the unconventional SGS terms was based on four different approaches in which either the standard model, or one or several of the improved models were used. These simulations were conducted using a grid spacing ∆x LES = 3∆x and with ∆ = 2∆x LES . All four LES approaches were very accurate in reproducing the temporal evolutions of the layer thickness, of the vortical flow characteristics and the volume-averaged pressure, the morphological aspects of the flow and the general features of the cross-stream variation of the homogeneous-plane averages, and of second-order correlations. However, none of the models was clearly superior in capturing the small-scale features of the cross-stream profiles. Evaluations based on relative errors compared to the FC-DNS confirmed the visual observations.
It is well-known that the full potential of SGS models is only attainable at the larger Reynolds numbers and large filter widths encountered in practical applications. From the viewpoint of conducting LES of high-p multi-species mixing, this study indicates that at relatively small Reynolds numbers achievable in DNS and relatively small filter widths, the computationally efficient LES model based on the standard LES assumptions is viable. This study also provided options for practical applications in which the Reynolds number is much larger and the filter width is very large, and thus the activity of the unconventional SGS terms could dominate in the conservation equations, thereby requiring the utilization of the improved-LES-assumption models developed herein. 
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APPENDIX A: TRANSPORT PROPERTIES
Unlike for atmospheric-p flows where three transport properties are generally sufficient (viscosity, diffusivity, and thermal conductivity) for high-p conditions, there are four relevant transport properties.
Mixture viscosity
To compute the individual species viscosity, µ vi s α , the Lucas method 45 has been selected due to its high-p-accuracy capabilities. To compute the mixture physical viscosity, µ ph , the Wilke method 45 is utilized providing 
where ω M α are the weighting factors. 45 We distinguish between µ ph , the reference viscosity µ R defined in Sec. III, and the computational viscosity µ used to enable resolution to scales of O(η K ), as explained in Sec. III.
Mixture thermal conductivity
To compute the physical mixture thermal conductivity, λ ph , first the species conductivities λ α are calculated using the Stiel-Thodos method, 45 and then the Wassiljewa-Mason-Saxena method 45 is utilized to compute λ ph from λ α as
In Sec. III, we explain how a scaled thermal conductivity, λ, is computed that is used to perform DNS.
Binary mass diffusivities
Matrix elements D 
where k αγ are the interaction coefficients used in the EOS; more details and values of k αγ are provided elsewhere. 7 Values of r D are listed in Harstad and Bellan 46 for species pairs relevant to combustion.
Binary thermal diffusion factors
According to Harstad and Bellan, 
where ω Q α is computed from Eqs. (A2) to (A5), and C * αγ is given by Hishfelder et al. 19 and is function of a normalized temperature including the characteristic molecular interaction potential as discussed by Harstad and Bellan.
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APPENDIX B: RELATIONSHIPS FOR THE EOS
Miscellaneous relationships relevant to the EOS are
where indices do not follow the Einstein notation, and
